Abstract-By combining static input-output decoupling transformations with hexapod geometric design, the highly coupled dynamics of a flexure jointed hexapod can be decoupled. Several algorithms have been proposed which result in different sets of decoupled inputs and outputs, and which can use a variety of feedback measurements (position, velocity, acceleration, or force in either joint or Cartesian spaces). Three hexapod configurations satisfying the geometry requirements have been proposed. Experimental results indicate that the approach is practical and yields superior performance.
I. INTRODUCTION

R
ECENTLY, a host of researchers have investigated Stewart platforms (or hexapods) for a variety of applications. A subset of these researchers have developed hexapods for microprecision applications in which a large workspace is not required [1] - [8] . In order to eliminate friction and backlash, and thereby achieve precise motion, these hexapods use flexure mounts for all joints (i.e., the joints provide motion by bending material, rather than sliding or rolling). In contrast, pillow blocks and ball joints are used for typical hexapods. Fig. 1 illustrates a general flexure jointed hexapod. Like any hexapod, it consists of a base, a payload, and six struts that can change their lengths. The struts, which have spherical joints at both ends, connect the payload to the base. Although flexure jointed hexapods do share many properties in common with their more numerous nonflexure jointed counterparts, they also have several distinct characteristics as follows: 1) the flexures greatly alter the dynamic behavior, so new control algorithms are needed; 2) the base motion is a significant contributor to the overall motion, even when the base is subjected only to ambient seismic vibrations; and 3) bcause the workspace is so small, linearized dynamic models are highly accurate.
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Publisher Item Identifier S 1042-296X(00)06958-5. coordinate frame located at, and rigidly attached to, the payload's center of mass. fBg is the frame attached to the (possibly moving) base, and fU g is a universal inertial frame of reference.
Fig. 2. Problem 1: vibrating machinery must be isolated from a precision bus (this is termed the dirty box problem because the machinery mounted on the hexapod "box" is mechanically "dirty," i.e., vibrating). Problem 2: a precision payload must be manipulated in the presence of base vibrations and/or exogenous forces (this is termed the quiet box problem).
be appropriate for addressing either the dirty or quiet box problem, although neither problem is examined therein. The hexapod design is emphasized instead. Their design achieves the largest stroke available for a flexure jointed hexapod ( 5 mm). Spanos et al. [6] uses a parallel combination of an actuator and passive isolation devices to treat the dirty box problem. Force sensors placed at the bottom of each strut measure the force exerted on the precision bus. This signal is fed back, through a classically designed compensator, to that strut's motor in a collocated active vibration isolation system. Each strut is controlled independently-coupling between struts is ignored. Geng et al. [4] , [5] also use a flexure jointed hexapod with base force feedback, but the compensation is designed using an impedance matching technique to maximize vibration absorption locally. Three research groups have attempted the quiet box problem. Anderson et al. [3] uses a series combination of an actuator and passive vibration isolation devices. Geophone velocity measurements along each strut (hexapod leg) are used in a feedback system to drive the stiff electromagnetic actuator in that strut. The compensation is adaptive and local, tracking and attenuating a single frequency. No attempt is made to steer the payload. Sullivan et al. [2] aim to isolate an infrared camera from spacecraft vibrations and on-platform vibrations caused by a cyrocooler while simultaneously pointing the camera. The payload accelerometer for each strut is used as the feedback sensor for the voice coil on the same strut. McInroy et al. [7] approach the quiet box problem by mounting optical sensors on the hexapod. They achieve two-axis fault-tolerant low-frequency (3 Hz) active pointing. The control bandwidth is kept low to avoid the coupled hexapod dynamics.
All of the above controllers ignore the coupling between struts. This paper develops control algorithms which explicitly account for the coupling between struts. By including and compensating for the coupling, more predictable behavior and higher performance are attained. The algorithms apply directly to either of the two problems illustrated in Fig. 2 , but in principle are general decoupled controllers for precision, flexure jointed hexapods. As such, they are also applicable to Cartesian or joint space positional controllers, impedance controllers, etc. A general algorithm, suitable for any hexapod geometry, is first derived. Although this algorithm is the most general, it also requires much more sensing and model knowledge. To ensure robustness of the control, several additional controllers are developed which require less sensing and model knowledge, but impose design requirements on the hexapod geometry. Several geometrical designs, useful for different purposes, are presented. Finally, two force feedback controllers are implemented, and their performance is compared.
II. DECOUPLED ACCELERATION, VELOCITY, OR POSITION CONTROLLERS
The dirty and quiet box problems can also be divided by feedback sensor. In order to minimize the transmission of forces to the base, the dirty box hexapods have used base force feedback sensors. In contrast, the quiet box hexapods have used payload acceleration, velocity, or position measurements to control the payload motion. This section develops control algorithms which use payload acceleration, velocity, or position measurements. Consequently, it addresses the quiet box problem.
The dynamics of a flexure jointed hexapod are developed in [9] . In the joint space, these dynamics are written (1) where:
• is the 6 6 mass/inertia matrix of the payload, found with respect to the payload frame , whose origin is at the hexapod payload's center of mass; • is the 6 6 rotation matrix from the base frame to the inertial frame of reference (it consists of two identical 3 3 rotation matrices forming a block diagonal 6 6 matrix). Similarly, is the rotation matrix from the payload frame to the base frame, and ; • is the 6 6 hexapod Jacobian relating payload Cartesian movements to strut length changes; • is a diagonal 6 6 matrix containing the moving mass of each strut; • is the 6 ), sensor force ( ), strut length ( ), spring constant ( ), damping coefficient ( ), and strut moving mass ( ) for the th strut. Fig. 7 illustrates six struts assembled into an entire hexapod.
Note that these flexure jointed hexapod dynamics are, in some ways, more complicated than nonflexure jointed hexapod dynamics because strut dynamics ( , ) and base accelerations ( ) play a role. On the other hand, they are in some ways simpler because the struts can only move very small distances, so the Jacobian ( ) can be considered constant, and Coriolis terms are often negligible. In order to exploit these differences, the algorithms developed in this paper assume that is constant. This does, of course, limit the applications somewhat, but is in practice highly accurate because the flexure joints severely limit the workspace.
The quiet box problem can be approached by applying the appropriate strut motor forces ( ) to attenuate the transmission of base accelerations and payload exogenous forces to payload accelerations. In general, this is a nonlinear and highly coupled multiple-input multiple-output (MIMO) control problem. The plant is nonlinear because the Jacobian matrix is a function of the pose of with respect to (pose is the combined position and orientation relationship between two Cartesian coordinate systems). The vector of Coriolis and centripetal terms also contains nonlinearities. In the case of precision flexure jointed hexapods, the pose can never change much because the joints only function over small angles and distances. This greatly simplifies the control, as can be accurately modeled as constant.
Typically, hexapod control has been accomplished using the computed torque control method (see, for example, [10] or [11] ). This method is not directly applicable to flexure jointed hexapods due to the presence of strut dynamics and the importance of base accelerations. Additionally, care must be exercised to avoid algebraic loops when using acceleration feedback. The computed torque concept can, however, be slightly modified to produce a control algorithm applicable for flexure jointed hexapods. Equation (1) can be rewritten as (2) where is the joint space mass/inertia matrix. Letting (3) where is a linear feedback compensator and denotes the vector of desired strut lengths yields (4) Thus, the computed torque control law (3) converts the coupled MIMO plant into six linear time-invariant (LTI) single-input single-output (SISO) plants driven by the base acceleration and payload force disturbances. Since the error dynamics are now LTI, can be designed using a variety of textbook approaches. Note the following.
1) This algorithm differs slightly from the usual computed torque approach because the strut dynamics must be cancelled. In addition, acceleration feedback terms are included. Although they are not necessary to obtain the LTI SISO plant, they are useful when attenuating the acceleration and force disturbances. 2) The gravity terms are fed forward in (3), but in practice this is often unnecessary-they are usually low-frequency terms which are easily compensated by the feedback algorithm.
3) The velocity squared Coriolis and centripetal terms are often negligible because flexure jointed hexapods move slight distances, thus the velocities attained can never be large. The control law (3) is applicable to any flexured jointed hexapod provided the control is not performed near a Jacobian singularity. However, it is rather expensive to implement, as it requires sensing of strut position and velocity, in addition to acceleration. Moreover, the orientation of the base with respect to the inertial frame of reference must also be known ( ), which may require further instrumentation if the base is moving over large angles. Finally, it requires an accurate model of strut dynamics ( , ), since they are cancelled out in a feedforward strategy. This, of course, makes the algorithm sensitive-as [11] notes, the performance of the computed torque approach depends upon the accuracy of the model.
To remove these disadvantages, control and hexapod geometric design can be combined to produce algorithms which are far simpler and less expensive to implement, and which are also less sensitive to modeling errors. This simplicity can also translate directly into higher performance because flexure jointed hexapods often have high control bandwidths (100-250 Hz), so fast sampling frequencies (2000-8000 Hz) are required. First, rewrite (1) as (5) (6) Define a new input and a new output (7) Differentiating twice while assuming terms are negligible because FJH's can move only over small ranges, (6) can be rewritten as (8) Now, the hexapod can be designed to facilitate LTI decoupled control by imposing the following constraints.
1) Design all struts so that their dynamics are multiples of each other, i.e., so that , , , where is a diagonal matrix and are scalars. One very practical way to do so is to make all strut dynamics identical. Then, the strut mass, damping, and stiffness matrices become scaled identities, , , . 2) Select the orientation of the base frame so that the payload mass/inertia matrix written in the base frame is diagonal. This is possible for FJH's because is nearly constant, therefore the frame can be chosen so it is aligned with the principle axes of the payload. 3) Choose a hexapod geometry such that is a diagonal constant matrix. Then, assuming that the gravity and velocity squared terms are either negligible or fedforward, the dynamics from to are LTI decoupled (9) Alternatively, (9) may be multiplied by to yield (10) Now, defining a new set of inputs and outputs (11) while neglecting or feeding forward gravity and Coriolis terms yields another LTI decoupled plant (12) Either of the input-output transformations (7) or (11) allow straightforward SISO LTI control algorithms to suppress the and disturbances. Both transformations have the same output, . This output is the change in the Cartesian pose of with respect to . As such, it can either be measured directly using Cartesian sensors or it can be measured indirectly using joint space sensor measurements of . Transformation (7) maps the motor forces into the equivalent Cartesian generalized force exerted by the motors at the payload's center of mass ( ). Consequently, it is particularly useful for applications such as payload force and impedance control. Transformation (11), on the other hand, is useful for Cartesian position control. Consider the static case (i.e., no disturbances and all derivatives set equal to zero). Then, from (12) , so each input channel of controls one of the Cartesian output directions. If both force and position controls are needed, then the two approaches can be combined by letting (13) to produce the dynamics (14) This is particularly useful for applications like the simultaneous vibration isolation/absorption and manipulation "quiet box" problem because acceleration feedback generating can be used to provide high-frequency vibration isolation/absorption, while Cartesian pointing feedback generating can be used to provide low-frequency vibration isolation, absorption, and pointing in the actively pointed directions. The compensation is divided by frequency because pointing sensors often have a low bandwidth, while acceleration sensors often have a poor low-frequency response.
III. HEXAPOD DESIGN
The new control algorithms presented in the previous section offer significant advantages over the standard computed torque control. However, three conditions must be met in order to make the algorithms apply. This section discusses the conditions further, and introduces several hexapod designs satisfying the required conditions.
The first condition, that all strut dynamics are multiples of each other, is the easiest to meet because it is satisfied whenever the struts are identical in construction (they may differ in length). In this case, . Note that, for manufacturing and maintenance reasons, it is highly desirable to have identical struts anyway.
The second condition, that is diagonal, is slightly more restrictive. The mass/inertia matrix consists of two blocks, one expressing mass and another expressing inertial properties of the payload (15) where is the payload mass and is the inertia of the payload with respect to the payload frame . The upper block is always diagonal. The lower block can be diagonal if there exists three orthogonal axes of symmetry with the payload mass distributed symmetrically about these axes. It is then diagonal if is selected to coincide with these axes. This condition is easy to satisfy as long as the payload is fixed by orienting to coincide with the payload's axes of symmetry. The payload is usually fixed for most flexure jointed hexapod applications, so this condition is not overly restrictive. However, it does limit the applications some. For instance, if a micromachining tool attached to the payload had additional articulation such that the inertia changed significantly over the tool's workspace, then would be a function of the tool's position, and it may then be impossible to make it diagonal over the entire tool workspace.
The third condition, that be diagonal or block diagonal, can often be satisfied by hexapod geometric design. First, consider the meaning of this condition by letting and both equal zero in (9) (16) Since is the Cartesian change in payload pose, and both and are diagonal, this implies that an exogenous force in the " " direction will produce a payload Cartesian motion in purely the " " direction, etc. In order to achieve this condition, the hexapod must contain symmetry, so that the total forces in the " " and " " directions exerted by the struts during the motion both sum to zero. Because is the generalized force exerted at the payload's center of mass, the payload's center of mass is an important part of the hexapod's geometry.
The influence of the center of mass is exhibited through the hexapod Jacobian, . From [12] . . . . . .
where (see Figs. 1 and 3 ) denotes the payload attachment point of strut , the prescripts denote the frame of reference, and denotes a unit vector along strut . Since the origin of must be located at the payload's center of mass in order to use the dynamic formulation (1), all are found with respect to the center of mass. Therefore, is a function of the center of mass.
Several hexapod geometries have been found which produce diagonal matrices. Three particularly interesting examples are illustrated in Fig. 4 . The matrices of these geometries, for the special case (identical struts), are listed in Table I . The first geometry (A) is the mutually orthogonal geometry [6] , [4] , [5] wherein each pair of struts meets at a right angle. Note that the center of mass is located at an equal distance between the top and bottom nodes. Note also that the upper block of forms a 3 3 scaled identity. Consequently, the hexapod exhibits an equal compliance in all translational directions-the center of mass is an isotropic point with respect to translations. This also has an interpretation in terms of velocity manipulability ellipsoids [13] , as the translational part of the ellipsoid forms a sphere. This implies that, if all struts can move equal amounts, then the translational part of the hexapod's Cartesian workspace forms a sphere. Thus, this is a useful geometry when the ability to move equal amounts in all translational directions is required.
The second geometry is identical to the mutually orthogonal geometry, but the distance between the top and bottom nodes has been doubled (hence the struts are no longer orthogonal). In this case, the lower 3 3 block is a scaled identity, so this hexapod's center of mass is an isotropic point with respect to rotations. Now, the rotational part of the velocity manipulability ellipsoid forms a sphere. Consequently, this geometry is useful when the ability to rotate equal amounts about all three Cartesian axes is required.
The third geometry is similar to the mutually orthogonal geometry, but the distance between payload attachment points has been halved. This geometry has a workspace allowing equal translations in the " " and " " axes and equal rotations about these same axes. The interesting feature of the geometry is the location of the center of mass-it is centered between the payload attachment points, in the plane formed by them. In contrast, the previous two geometries have the center of mass placed at the center of the volume enclosed by the hexapod. The low centers of mass in these first two geometries may require elaborate mounting structures, depending on the application. Fig. 5 illustrates one payload for the University of Wyoming (UW) hexapod. This payload, which is intended for mounting on a mutually orthogonal hexapod, contains pointing sensors. A truss structure has been designed to rigidly mount the sensors, while placing the payload's center of mass in the appropriate place. In contrast, geometry (C), with its much higher center of mass, simplifies mounting-a flat plate bolted to the three payload attachment points, for instance, will satisfy the center of mass constraint.
To summarize, there exists a multitude of hexapod designs which will produce a diagonal matrix. There are two criteria which can be used to select an appropriate design as follows: 1) the desired manipulability and 2) the desired location of the center of mass. Three geometries, useful for a variety of applications, are presented here; a general method of finding a geometry to satisfy a given manipulability and center of mass criteria is the subject of future research.
IV. DECOUPLED BASE FORCE CONTROLLERS
The control algorithms presented in Section II address the quiet box problem because the feedback is the payload's Cartesian generalized position, or derivatives thereof. Using this feedback, payload regulation or tracking compensators can be designed in a straightforward manner for the resulting LTI SISO channels. These compensators are not suitable, in contrast, for dirty box isolation because the dirty machinery will be stabilized by exerting forces through the struts to the precision bus, thus transmitting vibrations. Consequently, measurements of the force exerted by the base of each strut onto the precision bus are more suitable than acceleration, velocity, or position measurements.
This section develops decoupled base force control algorithms appropriate for six degree-of-freedom dirty box vibration isolation. The algorithms are very similar in spirit to the quiet box algorithms, and are subject to the same three conditions. The vector of forces exerted at the bottom of the strut is [9] (18) Defining as before and multiplying both sides by yields
Combining (8) with and produces (20) where . Since the input ( ) now directly affects the output ( ), cancellation of gravity and Coriolis terms is slightly more difficult. For generality, the cancellation will be explicitly included in these control algorithms, although they often can be neglected in practice. First, break the input into two terms, a feedback term and a feedforward term Defining a new input, , LTI SISO compensators from to can now be designed in a straightforward manner to suppress the base acceleration and exogenous force disturbances. Note that this can be viewed in two ways. If is the dominant disturbance, then the control provides dirty box isolation. If is the dominant disturbance, then the hexapod attempts to quiet a vibrating structure.
Another, closely related algorithm can be found by multiplying both sides of (24) by and letting
Since , this produces a new tatic input-output Bode magnitude plot and coherence from strut 3 to all struts. The collocated strut 3 measured force is denoted by "+" signs. The hexapod displays such strong coupling between struts that the collocated response is difficult to distinguish from the others. The transfer function estimates to all struts remain highly coherent.
Note the decoupled mapping utilizes Jacobians to achieve decoupling, while the mapping utilizes transposed Jacobians. Other variants are also possible. For instance, the mapping is also decoupled. Note also that the gravity and Coriolis terms are often constant or negligible, respectively, so they can sometimes be excluded from the feedforward calculations. This is an important simplification, when applicable, as these terms require both significant calculations and sensing.
V. EXPERIMENTAL RESULTS
In order to experimentally verify these new control algorithms, they are implemented on one of UW's mutually orthogonal hexapods. The mechanical parts of the hexapod are all custom machined, based on a NASA Jet Propulsion Laboratory design. A 200-MHz Gateway 2000 Pentium-II computer running the QNX real-time operating system sends commands through Computer Boards 16-bit DAC converters to Techron linear current amplifiers. These power BEI voice coil actuators, resulting in base forces measured by PCB quartz force rings mounted on each strut. The force ring signals are sampled by the control computer's 16-bit analog to digital converters at a rate of 4 kHz. Each strut has a maximum stroke of 0.025 in. Figs. 6 and 7 illustrate the setup.
Using the quartz force rings to measure the base force, three dirty box vibration isolation controllers are implemented as follows: 1) a collocated control independently running on each strut, as proposed in [6] ; 2) a control based on the force feedback decoupled mapping ; and 3) a control based on the force feedback decoupled mapping
. A "shaker" is mounted to the payload plate to act as a source of exogenous disturbance forces. Counterweights are also added to the payload to keep the center of mass at the center of the mutually orthogonal hexapod cube. Since the base is not moving, is constant, and is a convenient choice. All struts are identical in construction, so . In addition, the gravity terms are constants, so they are easily removed by letting the spring compression absorb the static gravity forces, rather than feeding them forward. Finally, the Coriolis terms are negligible, given the mass distribution of the hexapod and the operating frequencies of interest [9] .
The coupled control 1) is designed in the following steps. First, the transfer function from an input voice coil current to the output force on that same strut is measured. Based on this transfer function, a SISO compensator is designed to form a collocated active vibration isolation control for a single strut. Note that, due to symmetry, the transfer functions for all six struts from their motor force input to their force output should be identical. Next, ignoring all coupling between struts, six identical collocated SISO control loops are simultaneously closed. Fig. 8 depicts the open-loop measured transfer function, while Fig. 9 illustrates the loop transmission (from the compensator input to the force output, open loop).
A similar procedure is followed for the decoupled algorithms, with one important difference: rather than exciting a single voice coil when measuring transfer functions, a single decoupled input was excited. For example, Fig. 10 gives the measured transfer function from 's third input (channel 3), to the third output of . Since gravity and Coriolis terms are nearly constant over the extremely small workspace present in the UW hexapod, they are not fedforward. Note that since , excitation of a single channel causes excitation in several (or all) Figs. 12 and 13 compare the coupling between struts to the decoupled responses. Although the decoupling transformations do not produce perfectly decoupled responses as predicted by the model, the input channel is at least ten times stronger (20 dB) than the coupled responses across nearly all frequencies.
While using the shaker to produce broad-band exogenous force disturbances, the force transmitted to the base has been measured under three conditions: with the hexapod open loop; with the commonly implemented coupled control ( ); and with a decoupled control without gravity and Coriolis feedforward terms ( ). Fig. 14 plots the power spectral density of the base force measurements for one of the struts (due to symmetry all six are very similar). Note that, as expected, the transmission of forces is the highest in open loop. The coupled control approach does indeed produce some improvement. However, the highest performance is achieved by the decoupled control approach. In fact, it decreases the forces transmitted by nearly an order of magnitude in the frequency range 14-25 Hz.
VI. CONCLUSIONS
A general control law applicable to any flexure jointed hexapod has been found which produces a decoupled input-output response. Although it is general, this algorithm is very similar to the computed torque algorithms used in serial chain robotic control systems. Consequently, it has the same practical limitations: its efficacy depends on the accuracy of the sensors and modeling. To avoid these problems, several other control algorithms have been found which combine static input-output decoupling transformations with hexapod geometric design. These control algorithms require far less measurements and computations than the computed torque approach, yet still decouple the highly coupled dynamics of a flexure jointed hexapod. The proposed algorithms offer a variety of decoupled input/output sets, so a variety of feedback measurements (joint or Cartesian position, velocity, or acceleration as well as base force) suited to particular objectives can be employed. Three hexapod configurations satisfying the geometry requirements have been proposed. Experimental results indicate that the approach is practical and yields superior performance.
